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1. Introduction

Since the early contribution by Arrow (1963), the optimal design of insurance
contracts has been discussed widely in the literature. Arrow states that under cer-
tain conditions an optimal insurance policy will offer full coverage above a non-
negative deductible. We will refer to this result as the standard insurance contract.
Authors like Raviv (1979) and others' have extended Arrow’s result. At the end
of his article Raviv (1979, 261) addresses the important question of how to deal
with multiple losses and concludes that “the results regarding optimal insurance
policies hold unchanged when the insured faces more than one risk, when the loss

considered is the loss from all those risks”.

Since moral hazard is recognized as being one of the most important limiting fac-
tors in insurance, it would be interesting to investigate if an optimal insurance pol-
icy under moral hazard look substantially different from the standard contract de-
scribed before, i.e. when one insurance policy covers many different kinds of
losses. This question is relevant for practice in several aspects: First, it should
give some hints on what kind of insurance policies we can expect to become fea-
sible in future and what limits due to moral hazard might continue to exist. This
applies especially to so called ‘umbrella-policies’ that are supposed to provide
protection against a wide range of risks individuals are exposed to.” Second, we
would be provided with a sort of yardstick to analyze whether insurance contracts
we observe in practice are appropriate or whether they should be redesigned.
Thinking for example of health insurance, one finds that it covers a wide range of
risks reaching form curing a cold up to rescuing an insured from death by apply-
ing the latest medical technology in a single policy. It might well be sensible to

divide such an encompassing policy into separate contracts.

However, despite its importance, early articles on optimal insurance contracts are

not explicitly concerned with moral hazard in insurance contracts, but simply as-

! See e.g. Mossin (1968), Moffet (1977) or Schlesinger (1981). Gollier and Schlesinger (1996) show, that
Arrows result can be proofed using only second-degree stochastic-dominance arguments.

2 In contrast to Gollier and Schlesinger (1995), who stress the advantages of a unique insurance contract to
cover all sources of risk, this paper argues that, because of moral hazard, it might be preferable to cover
risks by separate contracts rather than by one policy.



sume that the insurer faces increasing costs per unit of coverage, which usually is
the case if moral hazard is present. Moral hazard problems in the design of insur-
ance contracts were addressed directly much later. Winter (2000) provides an ex-
cellent survey. Specifically, he finds that regarding ex-ante moral hazard or (syn-
onymously) self-protection, the optimal insurance policy for a single loss and one
prevention activity is designed exactly as suggested by Arrow and Raviv: Full re-
imbursement above a deductible. Although Winter does not investigate multiple
losses, it would be tempting to conclude that the design of an optimal insurance
policy should not be influenced by self-protection and that Raviv’s result for mul-

tiple losses should also hold when there is the possibility of self-protection.

However, moral hazard should make a difference as soon as the possibilities of
influencing or the incentives to influence the probability of all these incidents are
not the same. Just consider a household contents insurance policy, covering the
risk of burglary as well as the risk of a lightning strike or a fire. In such a situa-
tion, our experience with insurance models would suggest different treatment of
different types of risk in insurance contracts to be in the insurer’s as well as in the
insured’s interest, since it would give scope for well-directed incentives for pre-
vention in insurance arrangements. After all, the aim of deductibles and co-
insurance rates is to depart from full coverage in order to reduce moral hazard and
to make at least partial insurance possible. On the other hand, indemnity pay-
ments, that depend on the type of loss suffered contradict the insured’s prefer-
ences for a safe income in exchange for a single premium. One aim of this paper
therefore is to investigate the conditions under which the optimal design continues
to be the standard insurance contract, that is full reimbursement above a deducti-
ble. It will be shown that generally the standard insurance contract for multiple
losses no longer holds under moral hazard and that the optimal insurance contract
is likely to show a nonlinear co-insurance rate. However, this optimal policy is
not only complicated but also difficult to design appropriately according to the
insured’s preferences and the latest technology of prevention. It is therefore
likely that linear co- insurance rates, maybe together with a deductible, will con-
tinue to dominate insurance arrangements in practice. Investigating the effects of
prevention on the optimal co-insurance rate we shed light on the relationship be-

tween optimal deductibles and optimal co-insurance rates. It will be shown that



co-insurance is generally necessary under multiple moral hazard. The alternative
would be to insure each kind of loss in a separate policy that would allow for a

deductible only.

The paper continues as follows: Section 2 adopts a framework introduced by
Schlesinger (1987) that allows for a wide range of interpretations. After reporting
the fundamental result concerning the optimal design of an insurance contract for
multiple losses without self-protection in section 2.1, section 2.2 introduces mul-
tiple ex-ante moral hazard; i.e. it is assumed that the insured’s self-protection ac-
tivities cannot be observed by the insurer, who has to rely on proper incentives for
self-protection instead. Section 3 looks into more concrete interpretations of the
model and their results. The analyses by Raviv (1979), Schlesinger (1987), and
Winter (2000) will turn out to be special cases of the broader model used in this
paper. In section 4 we investigate the consequences of multiple moral hazard on

insurance contracts that show a constant co-insurance rate. Section 5 concludes.

2. A general model for analyzing the optimal design of
insurance contract

2.1 Optimal insurance contract without moral hazard

In order to provide a fairly general framework for studying the optimal design of
insurance contracts, Schlesinger (1987) introduces a model in which there are one

state (1) of no loss and three states of loss with size L,, L,, and L, which are ar-
ranged such that L, <L, <L,. This framework is flexible enough to allow analy-
ses of a wide range of insurance contracts. For example one is free to define, L,,
L,and L,as the occurrence of a loss A, a loss B, and the simultaneous occurrence

of both losses, respectively. The probability of these four states is p,...p, with

4
Z p; =1. The expected utility (E U ) of an insured consequently reads as:

i=1

4
()  EU=pUW-P)+Y pUW-P-L+1),

i=2



with W denoting the exogenous wealth of the individual, P the premium paid to

the insurance, and /, >0 the indemnity received from the insurance in state i.

Furthermore, the utility function U is assumed to be twice differentiable with

U'>0 and U" <0, indicating risk-aversion.

The insurance industry is assumed to be competitive; i.e. given the public infor-
mation on the probability of losses, the insurance premium cannot exceed the ac-

tuarially fair premium times a proportional loading (1 + K) , with k¥ >0 represent-

ing the loading factor. This leads to the constraint:

2) (l—i—K)ipi]i—P:O.

Eventually, note that the indemnity / cannot be negative in an insurance ar-

rangement:

(3) 1,20 fori=2.4.

Ignoring the non-negativity constraint for the moment, the optimal insurance con-

tract without moral hazard can be derived by maximizing (1) w.r.t. all 7,, s.t. (2).

The first-order conditions read

U'W-P-L +1,)
(1+x)

4) =u fori=2...4,

where u is the Lagrange multiplier for the premium function (2). FOC (4) states
that the individual’s marginal utility should be the same in all states of loss if
I, >0. However, due to the loading, full insurance cannot be optimal. On the
other hand, according to (4), the insured’s out-of pocket loss should be the same
in each state of loss, calling for a deductible rather than a co-insurance rate. Fi-
nally, observing the non-negativity constraint (3), /, has to be zero for small

losses. This leads to the optimal indemnity function prescribing a deductible

d >0 and full reimbursement for losses that exceed the deductible:

(5) It 0 for L, <d
" \L,-d for L >d



This result has been proved by Arrow (1971), Raviv (1979), Schlesinger (1987),
and Gollier and Schlesinger (1996) and does not depend on the expected utility

framework employed here. Note that losses L, are arbitrary. As mentioned before,
we are free to define L,, L,, and L, as the occurrence of a loss A, a loss B, and

the simultaneous occurrence of both losses, respectively. For the optimal indem-

nity being zero or offering full reimbursement the sum of both losses is decisive.

2.2 Optimal insurance contract for multiple losses under moral hazard

To investigate the effects of moral hazard in a more general model, we now allow
for self-protection activities. To be more concrete, let there be two self-protection

activities at the price of 1 called x, and x, . These activities appear as costs in the

individual’s utility function and affect the probabilities of the four states in the
model, rather than the amount of loss in any particular state. A fairly general for-

mulation to capture this effect is:

EU = p,(x,,x,)- UW -P-x,—x,)

6 4 '
( ) +zpi(xa’xb)'U(W_P_xa_xb_Li+Ii)

i=2

As long as not indicated otherwise, it will be assumed that %SO and

8xj

2
aalzi >0for i=2...4 and j=a,b. For reasons of traceability we thereby con-
X .

J

centrate on activities that can unambiguously regarded to be prevention activities
and rule out that one of the activities, x, or x, might reduce the probability of

4
one loss but increase the probability of another loss instead. Since Z p; =1, con-
i=1

2

sequently %2 0 and G—Z;IS Ofor j=a,b.
Ox; Ox;

According to (6) the effect of each self-protection activity on all probabilities

may be identical or different. It is also possible that one self-protection activity

affects one probability only; as analysed below in section 3.2. However, since the



insurer cannot observe the self-protection activities of the insured, the insured will
invest in self-protection only if (and as much as) she has an incentive to do so.

This leads to the incentive compatibility constraints

x, =argmax p,(x,,x,) - UW -P-x,-x,)

(7) 4
+zpi(xa’xb)'U(W_P_xa_xb—Li-f-[l.)
i=2
and
Xp =argmaxpl(xa,xb).U(W_P_xa_xb)
(3)

4 .
+Zpi(xa:xb)'U(W_P—xa -x,—L,+1))

i=2
Besides the incentive compatibility constraint, the break-even constraint for the
insurer has to be met. As before, the premium P must, at least, cover his expected

costs including the loading:

9) (1+K)Z4:pi(xa,xb)1i —-P<0.

i=2

The final constraint is, again, that the indemnity must not be negative:

(10) 1,>0.

For an interior solution of the maximizing program, the incentive compatibility

constraints can be replaced by the first order conditions. These read for (7) and (8)

as
4

(11) Py _pyr-g
T Ox,

and
4

(12) Z%Ui _EU'=0,
i Ox,

4
with U, being shorthand for the insured’s utility in state i and EU'= z p,U!

i=1

representing the insured’s expected marginal utility. Equations (11) and (12) state,



that in an optimum the change in expected utility due to an increase of the self-
protection activity has to equal the expected marginal utility of income. Accord-
ing to (6), in this model the latter is the marginal cost of self-protection activities,

since the prices of both self-protection activities have been normalized to one.

The optimization problem can now be stated as a problem of Lagrange: Maximize

(6) with respect to /,...1, s.t. (9), (10), (11), and (12). Disregard (10) for the
moment and let 4, >0, 4, 20, and A, >0 be the shadow prices on constraints

(11), (12), and (9) respectively. The resulting first-order conditions are:

(13) D; Ui, _/’i’a (%U; —D; Ui"j _/11; (%U; —D; Ui”j_ﬂpp; (1+K) =0

a b

for i=2...4,

which can be rewritten as

(l—ia api/axu _ﬂ“b apz/axb]U!

(14) 4, = g i (Wt 4)U
l+x I+x
or
[i-s ) sy
(15) 4, = P b
I+x
for i=2...4,
with R, =—U//U] representing the Arrow-Pratt degree of absolute risk aversion.

Since U] is assumed to be positive, it follows from (15) that

1_/1a apz’/axa _lb 8pi/axb
bi P

>R.(A,+4,) is an necessary condition for prevention
activities to be positive.

Combining (15) for two states i and j, eliminating A,, and solving for U/ / U’

yields the optimal relative marginal utility,



P, P,

A o "5
I T (4, +4,) R,
Uz" pj A
(16) L= . .
Uj /1[1 6]7, +/be apt
1_ xa Xb _(ﬂ’a+ﬂ’b)'Ri

pi
While the fractions in the numerator and the denominator of (16) mirror the mar-
ginal effectiveness of preventive effort (fixed by the insured) on the probabilities,
the last terms capture the insured’s risk preferences., i.e. her risk aversion. A
higher effectiveness of prevention in equilibrium has two effects that work into
different directions. First, if at least one of the prevention activities has a higher
relative effect on the probability of state i relative to state j, this increases the

optimal relative marginal utility U/ / U’ calling for relatively less insurance cov-

erage (and therefore a lower net wealth) in state i. Second, however, assuming
decreasing absolute risk aversion, a decrease of net wealth in state i relative to

net wealth in state j causes R, to increase relative to R, and relative marginal
utility U/ /UJ’ to decrease again. Therefore, as is well known, an optimal insur-

ance contract has to strike a balance between providing appropriate incentives for
prevention and the individuals’ demand for insurance protection. However, note

that we did not make any statement about the absolute level of insurance.

A central question is, if a linear contract offering full or proportional coverage
above a deductible can be optimal. A sufficient condition for the relative marginal

utility U/ / U’ tobe 1 (which calls for R, = R,) is that the fractions in the nomina-

tor and the denominator are the same, i.e.,

8pj/axa _api/a‘xa

A p; Pi
17 —£ = . —.
(4 A,  Op,/ox, _ 8p/‘/axb
Pi p;

Since in an interior solution 4, and 4, are both nonnegative and so 4,/4, >0, for
U/ =U] a higher relative effect of prevention activity a on p, has to be compen-

sated by a higher relative effect of prevention activity b on p, et vice versa. In

this case, an optimal insurance contract would show one single deductible for both

7



losses and no co-insurance. However, in general even a proportional co-insurance
rate may not be optimal since, according to (16), the optimal relative marginal
utility depends on the effectiveness of the two prevention activities and the in-
sured’s risk aversion. An optimal insurance policy therefore may well show

nonlinear co-insurance rates.

3. Some special aspects of the solution

In this section two special cases are investigated that give some more insights into

the limits of designing optimal insurance policies under multiple moral hazard.

3.1 One loss of different amounts

For the first special case, we explicitly use the framework introduced above to
model different amounts of a loss which cannot be affected by the insured. How-
ever, as before, the insured’s prevention activities affect the probability of occur-

rence of the loss. Let the probability of occurrence be pr(x,,x,) and let state 1 in

section’s 2.2 model represent the state of no loss which consequently has the

probability (1 - pr(x, ,xb)). The model’s three other states then represent states of

loss with different amounts of losses (see figure 1).



Figure 1: Prevention affects probability but not size of loss

No loss

(1 - pr(xa,xb))

Loss of amount2

Y4
prx,,x, b3 Loss of amount3

h,3

Loss of amount4

Note that self-protection has no effect on any p, . The four states of our model

therefore have the following probabilities:

p= (1-pr(x,.x))
(18) p2 = pr(xa’xb).ph,Z ,

P = pr(xavxb)'pm

Ps= pr(xavxb)'ph,zt

4
with z p,; =1. Differentiating p,, for the states of loss, i=2.4, w.r.t. X,

i=2

j=a,b,yields

(19) P: _ 8pr(xa,xb)phi for i=2.4 and j=a,b.
ox; ox; ’

Plugging (19) into (15) reveals the critical terms in the first bracket of (15) to be
the same for all i =2..4. Therefore, ignoring restriction (10), the insured should
always suffer the same out-of-pocket loss. If restriction (10) is taken into account,

the optimal insurance contract again has the form

20) I =

1

{Li—D, if L.>D

0, otherwise



that is full reimbursement above a nonnegative deductible D . This is exactly the
solution Winter (2000) presents for one prevention activity only. It turns out to be
a special case of our more general analysis. In especially, this solution does not
depend on the number of prevention activities. In order to depart from full insur-
ance and to give the insured an incentive to invest in prevention, the deductible
has to be nonnegative. In contrast to Arrow’s analysis, the nonnegative deductible
is necessary independent from a loading in the premium. Since the amount of loss

is not influenced by the insured, a deductible is sufficient.

It is noteworthy that the optimal insurance policy can do without any co-insurance
in case of one loss only. The full effect of indemnification is concentrated on high

amounts of losses.

3.2 Two different losses and accumulation of losses

For the second special case suppose that there are two different kinds of losses
which can occur alone or can happen both in a certain period of time. For exam-
ple, think of two different kinds of illness. Let pr; and pr, be the probability of
sickness 1 and sickness 2 respectively. The four states of the model then are de-

fined as follows:

b= (1_prl(xa’xb))'(l_pr2(xa’xb))

P, = prl(xa’xb)'(l_prz(xa’xb))
@D Py = (l_prl(xa9xb)).pr2(xa9xb)

Py = pPr(x,,x,) pry(x,,x,)

Differentiating these probabilities w.r.t. x, and to x, yields

op, /ox; = = (@pr, ox, N1 - pr; )= (@pr ox, N1 - pr;)

22) op,/ox, = —(dpr,/ox,)pr, +(0pr, Jox, N1 - pr,)
Op; /0x, = _(ap’”l /ox, )p”z + (aprz /ox, )(1 _p”l)
Op,/Ox; = (617”1 fox, )p’”z + (ap’”z /ox, )pl’
for i=a,b.
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To see if the out-of-pocket loss in case of sickness 1 in an optimal insurance con-
tract should be the same as in case of sickness 2, Jp; /8xi and p, for j=2...4
and i =a,b from (21) and (22) have to be plugged into (15). The resulting equa-

tions read as:

1 (E@pnjox, )pr + (1= pry Yopri /ox,))
’ 241 -(1—pr2)

1+« (ﬂ, +2,b) ,

23) A, = WA ) Ly

@ B2 C@nienpn /o i-pn) | e o[

’ pl”]-(l—prz)
1+x

1 (@prijax, )pr, +(0pr, jox, Y1~ pr;))
‘ (1-pr)- pr,
I+x _ (/111 +4, )R
5, @pri 5, )pr, +(@pry Jox, YI=pr)) | 1+
(1= pn)- pr,
1+x

(24) 4, =

and

1 (@pn/ox,)pr, +(pr ox, )pr)
’ P ph : )
1+« A +A
25) A, = e ) p Ly
22 ’ 1 ((aprl/axb)p’”z+(ap’”2/6xb)p’”1) l+x ) )
’ pri - pr
l+x

Again, a sufficient condition for the out-of-pocket loss to be the same in all three
states is that the values in the parentheses are the same in (23), (24), and (25).
However, equating (23) with (25) and (24) with (25) yields:

(26) Au_ 0Py /0% and

A, Opr,/ox,

(27) ﬁz_aprl/éxb'
/Ib aljrl/a'xa

Due to sign contradiction, neither of the two conditions, (26) and (27), can be met
if both activities, @ and b, are prevention activities reducing the probability of a

sickness. It is therefore impossible to justify the same out-pocket-loss in all states



except for the improbable case of the risk-aversion exactly offsetting the preven-
tion effects. This calls for some elements of co-insurance to be incorporated in an
optimal policy. Furthermore, according to the considerations in section 2.2., opti-
mal deductibles and co-insurance rates will generally differ for both losses. This
also implies that insurance contracts covering different losses and showing linear

co-insurance rates will generally not be optimal.

4. Conclusion

The literature on the optimal design of insurance policies concentrates on settings
where there is no moral hazard at all. Unambiguous optimal contracts in case of
ex-ante moral hazard are derived for single losses only. Since this situation is un-
satisfactory in the light of existing insurance contracts this paper investigates mul-

tiple losses and two self protection activities.

Although it was not possible to derive an optimal insurance contract under moral
hazard in general, the model presented here provides some useful insights. The
most important one is that a policy offering full insurance above a deductible is
appropriate under certain conditions only, but not in general. It has been shown
e.g. that it is at most coincidentally optimal to combine two losses in one insur-
ance contract with the same deductible for all losses if both losses can occur si-
multaneously. This gives rise to the idea that many insurance contracts that pro-

vide for a single deductible for different losses might be ill-designed.

Furthermore, the model gives some evidence that ‘umbrella-policies’, providing a
stop-loss insurance against a complete range of losses, are not as attractive for the
insured as they look like. Since no general optimal policy for covering several
losses under moral hazard could be derived, it might remain more sensible to
cover these several losses by separate policies, each designed to give appropriate

incentives for prevention.
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