Abstract

In this paper, we analyze the relationship between the reservation unit
prices quoted by a market-maker and his level of inventory. Uncertainties
about trading volume and the direction of the trade are considered to show
that the relationship between the bid-ask spread and the inventory is, in gen-
eral not monotonic. The paper completes and extends the work of Eeckhoudt-
Roger (1999). JEL classification : G12, D44.
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1 Introduction

Madhavan (2000) divides the literature on market microstructure into four main
categories : price formation and price discovery, market structure and design is-
sues, information and disclosure, informational issues arising from the interface
of market microstructures. The purpose of this paper falls into the first category.
More precisely, we analyse the inventory effect on prices in a general inventory
model where market makers face four sources of uncertainty ; the direction of the
trade, the trade volumes on each side and the terminal payment of the risky asset.

Biais et al. (1998) describe trading mechanisms and market structures which
vary from an exchange to an other. Prices posted by market makers (referred to
as MM in the following) are more or less constrained, depending on the type of
market trading mechanism. These constraints affect the flexibility the MM enjoy
in proposing the pair (quantity, price). The more flexible trading mechanism allows
the MM to define a one-to-one mapping between quantities and unit prices. The
dealership market may be considered as the typical example of such an idealized
trading mechanism. In this framework bid and ask reservation prices have nice
properties' as functions of inventories when MM are assumed to be risk averse, as
in the Ho and Stoll (1983) model.

However, on floor markets, MM post linear prices after a quantity has been
announced by a broker ; Ho and Stoll (1983) and Biais (1993) analyze this case,
considering that the entire quantity is traded with one market-maker. Consequently,
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there is no uncertainty on traded volumes. However, as orders can in general be
split among different MM, the traded volume is in fact subject to uncertainty for
the liquidity supplier. To obtain meaningful results when introducing linear pricing
and random volumes, one has to set up an upper bound to the quantity to be traded,
limit explicitly defined by the broker in the preceding example or, more generally
defined by a Normal Market Size, as on the New York Stock Exchange, the Paris
Bourse or the Tokyo Stock Exchange.

In this paper, we analyze the properties of reservation bid and ask prices at two
levels ; first, we consider the MM who posts prices, conditional on the direction of
the trade, that is to say, bid and ask prices are evaluated separately. It is essentially
the Ho and Stoll approach, except for the randomness of volumes?. This latter fea-
ture implies that neglecting simultaneous orders is less justified. When quantities
are deterministic and equal on each side, simultaneous orders do not generate a
change in net inventories and then are not very interesting on a theoretical point of
view. On the contrary, the randomness of traded volumes imply a change in the net
inventory, even if simultaneous orders are considered. We show that in this case,
the bid-ask spread is tighter than the one obtained in the case of separate evaluation
of the two prices.

At a more general level, uncertainty can also arise on the direction of the trade.
It is the case when market makers have to post unit bid and ask prices without
knowing if the next trade will be on the buy or on the sell side. The difficulty is
there to determine simultaneously the two reservation prices. We specialize the
analysis by considering usual utility functions depending only on the expectation
and the variance of terminal wealth.

We first calculate the initial bid ask spread and show that it is a linear decreas-
ing function of the probability that an order arrives to the market maker. To take
into account the inventory effect, a rule must be defined to precise what is called
“reservation price”; in fact, as the traded volume is random, the ex post expected
utility (after a trade but before the value of the risky asset is revealed) is not equal
to the ex ante expected utility.

In this paper we select the initial level of utility as the benchmark. We then
illustrate that, depending on the volumes traded, spreads can become equal to 0 in
some circumstances, especially when the volume in the preceding trade is low.

We then obtain different results, compared to Shen and Starr (2002) who ex-
hibit a systematic relationship between the spread and the inventory, due to the
restrictive assumption they impose on the behavior of the market maker. In fact, in
their paper, the market maker is assumed to maximize his expected revenue, tak-
ing into account a cost function which is increasing in the volume of trade. risk

2This point was recently taken into account by Shen and Starr (2002) with different assumptions.



aversion is then not explicitly taken into account.

2 Linear and non linear reservation prices

We consider a risk averse market maker (referred to as the MM in the following)
endowed with an initial wealth W, and characterized by a strictly increasing and
strictly concave utility function U. He has to provide liquidity to the financial mar-
ket reduced to a single risky asset, the terminal payment of which being a positive
random variable X. X is defined on a probability space (Q2, A, P) and is assumed
square integrable. Moreover, to avoid repetitions of technical conditions, it is as-
sumed that all the random variables appearing in the paper belong to L? (Q2, A, P).

As we want to focus on the inventory risk, we assume that the MM doesn’t bear
any operational cost, leading him to post reservation bid and ask prices depending
on his wealth and his inventory. To keep the presentation as clear as possible in
this introductive section, we consider a net inventory a after the first trade.

Three trading mechanisms are possible; the first one can be interpreted as the
case of dealership markets. The MM posts different reservation prices for different
quantities. We denote as pg(a, f) and p4(a, f) the bid and ask prices for this
context. In floor markets, a linear constraint is introduced leading the MM to post
unit prices, denoted as 7 (a) and 7% (a) ; the MM has the obligation to provide
liquidity up to a quantity aj, of the risky asset (a ) is defined for one trade). How-
ever, 7 (a) and 7% (a) are determined separately, as in the Ho and Stoll model,
this condition meaning that simultaneous trades are not allowed or that prices are
posted knowing the direction of the next trade.

Finally, the more general situation involves the randomness of volumes and di-
rection, allowing simultaneous trades. The reservation prices are denoted as 7 5 (o)
and 7 4 (o) in this framework. The following definition summarizes the formula-
tion of the reservation prices. The two events 4 and B have the following definition

A = {Buying order from the market}
B = {Selling order from the market}

Definition 1 /) pg(a, f) and p4(a, B) are the solutions of the following equations

UWy) = Ex[UW +(a+B)X— psla, p))]
UWy) = Ex[UW —(B—a)X+ paa,p))]

2) n’y and ©’; are the solutions of the following equations :

UWo) = Ex,y, [UWo+a (X —a35(0) + Vg (X — 7 ()] (1)
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UMW) = Exy, [UWy+a (X =730) = Va(X =74 @)] @)
3) & g and & 4 are a solution of the following equation :

UWo) =E[UWy+a (X —mp(0) + 15V (X —7p(a)) = 14V4 (X — 7 4 ()))]
3)

where 1,4 and 1g are the indicator functions of the events A and B.

Ex is the expectation operator when X is the only random variable at work,
Exy, and Ex p, are the expectations operators when the volumes are random and
finally, E is the expectation operator with respect to the five variables X, V4, V5, 1,4, 15.

It is important to notice that in the first part of the definition, /# can be written
as Wy — pp (0, a) since the MM always posts reservation prices. Moreover, after
the trade, the expected utility is equal to U (W)). It is not the case in the two other
definitions ; in fact, prices 7 * and # take into account the randomness of volumes;
consequently, the expected utility (with respect to X) is in general different after the
trade. In others words, when the volume of the first transaction is v (and a = 0),
we get :

Ex[UWy+0v (X — 5 (0)] # UWy)

Eeckhoudt-Roger (1999) have shown that pg (a, f) and p,4 (a, ) are increas-
ing functions of £, pg (a, B) being concave and p,4 (a, f) convex. Due to risk

aversion, the unit prices are not constant, &/‘;’@ (PA—(ZEZ) being decreasing (in-

creasing) with the quantity £ to be traded.

This non-linear pricing rule implies that every Pareto improving exchange can
be realized because the seller (buyer) whose reservation ask price for £ units is
below (above) pp (a, B) (p4 (o, f)) can trade with the MM..

However, on floor markets, unit prices are posted by market makers and some
Pareto-improving trades cannot be realized.

Figure 1 illustrates this point. The price curve of the seller is represented by
small circles. It can be seen that orders between 2.5 and 3.5 units would be realized
with a non linear pricing rule (the dashed curve) and cannot be executed in the lin-
ear world (the dashed line). Consequently, linear pricing ends in a loss of liquidity
since some Pareto improving exchanges cannot be managed.

It is also worth to notice that small trades are beneficial to the MM in the linear
world when large trades generate a loss in utility. It is then important, for practical
purposes, to impose a maximum trade size at the posted prices. It will be denoted
as a ), in the following. a ), is often referred to as the NMS (normal market size)



Figure 1: Prices for a units with linear and non linear pricing rules
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but in our model, it can be higher and defined by the MM with respect to his initial
wealth, for example if his utility function is of the DARA type.

One way for the MM to realize only Pareto-improving exchanges would be to
define these prices by the following equalities :

5y = 22 @)
oM

6, = p4(0,ay)
(2974

However, doing so would lead to an important loss in liquidity because many
Pareto improving trades could not be realized. The essential (and obvious) feature
of the linear pricing rule is that the unit price doesn’t depend on the quantity to
be traded, a quantity which is not known in advance by the MM. The “’prudent”
prices defined in equation 4 cannot be considered as reservation prices because the
MM is almost always better off after the trade. This justifies the parts 2 and 3
of the preceding definition. The prices 7 * and 7, compared to the corresponding
definitions of p, can be called ex ante reservation prices, the linear constraint being
integrated in equations 1 and 2.



3 Properties of 7~

3.1 Reservation prices and inventory

In this section, we analyze the properties of 7 % and 7 %; we first consider the inital
situation where & = 0 and we use the simplified notation (7%, 7 %) instead of

(5 (0), 7% (0)).

The components of the vector (X, V4, Vp) are assumed to be independent and,
for the sake of simplicity, the trading volumes are supposed uniformly distributed
on the interval [0; a»/]; f is the density of X.

When a = 0, equation 1 can be rewritten as :

U (Wo) = Ex.vy [U(Wo+ Vs (X —73))]

The independence assumption between Vg and X allows us to write :

1 ap “+o00
Exy [U(Wo+V (X —73))] = a/0 /0 U (W +o (x — %)) f(x)dx

Before analyzing the relationship between the reservation prices and the inven-
tory, we need two preliminary propositions.

Proposition 2 Let H(v) = Ex [U (Wo +v (X —x))]; H is a concave function
of v and there exists a;, such that H (a(’;) =U (W)

Proof : The concavity of H is obtained immediately by writing :
* 2 " *
H'0) = Ex [(X = 3)" U" (Wo +v (X = 73)) ]
which is negative thanks to the concavity of U. The second point is a consequence
of the definition of 7 7. In fact, as we have H(0) = U(W}) and
1 [om
— H@)dv = U(Wy)
am Jo

the concavity of H implies that A is first increasing then decreasing and the above
equality also implies H (ay) < U(Wp).
The following result shows that the bid price decreases after a first purchase.

Proposition 3 Va > 0, 7% (a) < 73 (0)



Proof : We are going to show that i O(XM H@w+a)dv < U(Wy); the first term
of this inequality is the expected utility of the MM if he buys a random quantity
o + Vp at the initial price 7 3(0). Consequently, if this inequality is verified, he has
to lower his second bid price to keep his expected utility unchanged.

1 am 1 a+a
— H@w+a)dv = —/ H(v)dv
OM Ja

apm Jo
1 ap a+o a
= E [/0 H(v)dv +/aM H()dv —/0 H(v)dz):|

1 a+to a
= Uy + a |:/a H()dv _/o H(v)dv]

M

It is then sufficient to prove that the term between brackets is negative. If o <
ag, the result is obvious because H(v) < U(Wy) forv > ay and H(v) > U(Wy)
ifo < a. When a > ag, the facts that H is decreasing beyond a ), and o < oy
imply the result, as illustrated in the following example. Consider a MM with a
utility function defined by U(x) = 4/x and an initial endowment W, = 200. The
risky asset follows a two-point distribution {10; 15} with equal probabilities and
the maximum trade size is a = 15. The initial bid price is 73 = 12.4218 when
the expected value of the risky asset is 12.5.

Figure 2 illustrates the difference between ex post expected utility (after a trade
a € [0; ay]) and U(Wy). It appears that for trading volumes lower than 10, the
expected utility increases after the trade and decreases sharply beyond this critical
level.

Consequently, we get :

a+to o
/ H(v)dv —/ H@)dv <0
o 0

M

The general result concerning the relationship between the bid price and the
inventory can now easily be proved.

Proposition 4 The bid price () is a decreasing function of a.

Proof : We can use the preceding relationship :

a+ao

/ " H + a)g)do = Uy) + — [ /
0 a a

M

H(@)dv — /0l H(v)dv:|
0

M

apm
we get immediately :

9 |:/a+aM H(@)dv _/Oa H(v)dv] =H(a+oay)— H(a)

oo "

If [fa+aM H()dv — [ H(v)du] is decreasing in a, we are done. However,
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Figure 2: Excess utility after the first trade
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which is obviously negative because « is positive and H decreases beyond a ;,, that
is Hla +ay) < H(ay) < H(a).
3.2 The mean-variance case

A usual assumption in microstructure models consists in considering a MM char-
acterized by a utility function depending only on the expectation and the variance
of the terminal wealth, that is :

E[U(W)]=E (W) —ac? (W) (5)

where a is a measure of risk aversion. The reservation bid price is then defined
by :

1 [om
U(WO):WO:W0+a_ [D(ﬂX—E*B)—aO'§(1)2]dU
M Jo
which is equivalent to :
. 2a03%a

2
Similar calculations lead to 7% = uy + M# and the bid-ask spread is

% 4aa§(aM
S ="



We can notice a first difference between these prices and those obtained in the
non linear world. For a trading volume equal to a, the ex-post expected utility is
given by :

Ex[UWo+a(X—n3)] = Wo+a(uxy—n}y)—acka?
2
AL LI

3

It is greater than U (W) as long as o < %a u. Moreover, the expected utility

2 2
. . ao’y o .
is maximum when o = “ and equal to —4—<. It means that when a transaction

of volume o < Z“TM is realized, the MM starts the second stage with a utility
surplus; he is then able to decrease his ask price and/or increase his bid price; this
is obviously not the case when prices are not linear with respect to quantities..

After the first trade o > 0, the bid price posted by the MM verifies :

1 aM [ 2a05.0.
— a—
0

3 +1)(,uX—7r*B(a))—aag((v+a)2:|dv=()

a M
We then obtain :
2 (oar + 0()3 -a’

2a0’2(1M ap "
—— + 5 (ux — (@) —aok

3 2

The new bid price is easily obtained with elementary algebraic calculations

=0
3(XM

2
2a0%
30!M

As mentioned in proposition 4, the price 7 () is a decreasing function of a.
The difference is equal to :

rh(a) = puy — (a3, + aay + 3a”)

2a03 200 2a?
nhy—ay(a) = 3(”;‘ (aops + 30%) :aag([?+ai| (6)

In the non-linear world, the impact of the inventory? is valued as :

pB(;Lﬁ)_pB(;’ﬁ):ao-g(a (7)

Th difference between the relationships 6 and 7 has a natural economic inter-
pretation. We have :

M ZOLM apm
<—=—-——-—
6 3 2

p3(0.8)  ps(@p)
3 F

35ee Eeckhoudt-Roger (1999), p335

ny—nya) <
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200

=3¢ is the level of inventory beyond which the MM losses expected utility
and % is the mean level of each trade (¥ is uniformly distributed on [0; & ]).
Consequently, if the MM wants to adjust his expected utility to U (W), the changes
in prices depend on the expected level of inventory after the next trade. If this level
is beyond 2";M , the bid price decrease is greater than the one observed in the non-
linear framework.

The ask price is determined by similar calculations; it verifies :

1 am 2 2
1 |:a aoc 5o
o 3

—w (uy —n%(a)) —acy (a — w)2:| do =0
oM

which is equivalent to :

om . 2ac%a .y (a3—(a—(xM)3)
7(#)(—@(06)) =0<TX—M§( San
and then : 5
2ac%

n*(a) = uy + —= [a}, — Saya + 30]
3OCM

The same interpretation can be done here :

. s P4(0,5)  pala,p) Toy 2oy oy
rh —n%(a) < — S0 < —=——+ —
i < H 7 e
However, it is worth noticing that a being positive, # —W = —aac% <
0. Consequently, if & < MTM, the second trade will bring back the market maker

to an inventory which generates a surplus of expected utility. He can then lower
his ask price more sharply than in the non-linear case. However, with the assump-

tion that o is the inventory after the first trade, the inequality o < MTM is always

verified because the maximum trading volume is a . It is worth to remark that
the ask price doesn’t always decrease with inventory, the minimum being obtained

for a = 5"‘6M , a remarkable difference with the non linear case. One more time,

this result is not surprising because, as seen before, the maximum ex post expected
utility is obtained for a = %L = 5"‘6M — &£, consequently, the MM is brought
back to his optimal position after a second trade (on the ask side) equal to the mean
volume. Figure 3 represents the evolution of the two prices with respect to o with
the following parameters : oy = 60; a = 0.1; uy = 10; af\, =0.1.

Finally, the bid-ask spread is equal to :

4aa§( ( )

s*(a) = aM—2aMa+3a2)

3aM

As illustrated on figure 3, the spread reaches a minimum for & = #£, that is
the point where the expected utility surplus is the highest.
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Figure 3: Bid and ask prices vs inventory
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4 The general model

In the preceding section, we essentially considered the buy side, implicitly assum-
ing that bid and ask prices were determined separately; indeed the two prices are
indirectly linked by means of the probability distribution of X and the preferences
of the MM. However, though we used ex ante reservation prices, they were condi-
tional on the direction of the next trade. Going further needs to take into account
the uncertainty the MM faces on the direction of the next trade (buy or sell). In this
more general approach, there are four sources of risk ; the direction of the trade,
the volume of the trade on each side and, finally, the terminal value of the risky
asset. This generality was taken into account in the third part of definition 1.

The first source of risk can be represented by the partition of the set of states of
nature Q into four subsets corresponding to the following events.

B = {Buying order and no selling order}

A = {Selling order and no buying order}

A N B¢ = {No order}

AN B = {Buying and Selling orders}

In the framework of Ho and Stoll, the first two events have a probability of oc-
currence equal to 4 (1 — 1) meaning that the probability of occurrence of a buying
(selling) order is 1; we then have P (4¢ N B¢) = (1 — 1)? and P(4 N B) = A°.
This last event was considered as negligible by these authors ; this was partly jus-
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tified by their assumption concerning the equal magnitude of buying and selling
orders. Under such an hypothesis, simultaneous orders always lead to a wealth
increase for the market maker, since the ask price is greater than the bid price, but
no change in the net inventory is observed.

As long as a random trading volume is considered, it is difficult to neglect
A N B because simultaneous purchases and sales of random quantities can move
the net inventory of the MM. Consequently, we will now consider general ex ante
reservation prices as defined by 7z 4 and 7 3.

When using the probabilities 4 and 1 — 4, the condition on expected utility can
be rewritten as :

Uy = A0 =2 (Exp [UWo+ Vs (X — )]+ Ex.p, [UWo — Vi (X — 7 4(B)
+ (=22 U W) + P Exyvs [UWo+ Vs (X —7mp) = Va(X —74)]
One of the main difficulties in this framework comes from the non unicity
of the solution. There are infinitely many pairs (x 4, 7 5) which verify equation
8. To manage this problem, we use a two-step analysis; first, we determine the
bid-ask spread in the general framework and, in a second step, we analyze the

deviation generated by this spread from the one obtained when prices are calculated
separately.

4.1 The initial bid-ask spread

In this section, we prove that the bid-ask spread is reduced when simultaneous
trades are possible, that is to say, when 4 > 0. First of all, we study the properties
of the initial spread in this general context. Let us define the function K (v, w) on
[0; aar] X% [0; o ps] as follows :

K@, w)y=Ex[UWo+v (X —mp) —w (X —m4))]— UMW)
K (v, w) is the ex-post expected utility surplus when the volumes of trade on each

side have been revealed and are equal to v and w.
The initial bid and ask prices then verify :

/aM/aM (A(1 = 2K ©,0) + K (0, w)] + 22K (v, w)) dvdw = 0
0 0

which is equivalent to (as 4 > 0) :

/aM /aM (1=K (©,0)+ K (0, w)] + AK (v, w))dodw =0
0 0

13



When considering separately the bid and ask sides (as in the Ho and Stoll
model), the following equations are verified simultaneously :

apm
/ K@®,0do = 0
0
am
/ KO, w)ydo = 0
0

Consequently, proving that [ [ K (v, w)dvdw > 0 is sufficient to get
an improvement of the Ho and Stoll solution by decreasing the ask price and/or
increasing the bid price. This is the essential result of this section; before proving
it, we need several technical lemmas.

Lemma 5 K is a concave function on [0; o] X [0; o]

Proof : As K depends on two variables, it is concave if the principal minors of

the Hessian matrix alternate in signs, the first being negative. In fact, we know that
2K

S5 < 0 because of the concavity of U since :

’K )
— = Ex[X =2’ U'Wo+ v (X —75) —w (X —7)] <0

It is then sufficient to prove that the determinant of the Hessian matrix is posi-
tive.

_PKPK (@K
002 ow? ovow

In fact, skipping the argument of U", D can be written as :
D=Ex[(X=np)U"O]Ex[(X =72 U"O]=(Ex[(X —75) (X — 70) U"()])?

To sign this expression, we use a change of probability by writing :

_b Lo YO L U0
EXUOF EX[(X ") EX[U"L)JEX[(X 4 EX[U"(-)]}

" 2
B (EX [(X ~ R (X =Ty EXI{U("')(.)]D

Let Q the probability equivalent to Py defined by its Radon-Nikodym deriva-

ive 42 _— _U'O .
tive 75- = Z 007" We get :

D

ExUOF Eg[(X —7mp) | Eg[(X —74)°] — (Eo[(X —7p) (X — EA)])Z
X .

14



Denoting now X4 = X — 7 4 and X3 = X — 7 3, we obtain :

m = ”XAHiz ||XB||iz — (X3, XA)i2

where ||.||;2 and (., .);2 denote the L?-norm and the corresponding inner prod-
uct. The Cauchy-Schwarz inequality then implies that D > 0.

Consider now the square [0; a /] X [0; aa7] ; the function K (v, w) is increasing
along the diagonal because we have :

K (a,0)=Ex[UWy+a(rs—mp))]—UW)
and 7 4 > 7w 3 by Jensen’s inequality.
Lemma 6 V (v, w) € [0; ay] x [0; o] we have the following inequalities :

v > w=>Kbw,w)>K@®-—w,0)
w > v= K@, w)> K0, w-—"0)

Proof :
Ta>wp=>-wWX—-7my)>—-wX—7mp)

We deduce immediately :
K (v, w) > Ex[UWo+ (v —w) (X =7 )] = U(Wy) = K(v — w,0)

The same argument works for the second inequality.

This lemma proves a very intuitive result, that is the function K is increasing
along all the lines with slope equal to one. Along these lines, the net position of the
MM is equal but the quantity sold during the simultaneous trade is increasing. As
the bid-ask spread is positive, the sure wealth of the MM increases along the lines.

We can now easily prove the main result.

Proposition 7 The expected utility generated by simultaneous orders is positive,
that is :
oapm apm
A :/ / K@, w)dvdw > 0
0 0

Proof :

A = /aM[/wK(v,w)dv+/aMK(v,w)dvi|dw
0 0 w
= /aM[/wK(v,w)dv+/aM_wK(v+w,w)dv:|dw
0 0 0
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The first part of lemma 6 implies :

apm w oM —w
A> / [/ K(v,w)dv+/ K(v,O)dvi| dw
0 0 0

As we know that foa’" K(,0)dv = 0and K (v, 0) is concave as a function of
v (it is in fact the function H (v) of the preceding section), we obtain :

oy —w
‘v’w<aM,/ K@®,0)dv >0
0

Consider now the first term fow K (v, w)dv; using lemma 6 leads to :

/K(v,w)dv>/ K(O,w—v)dv:/ K (0, y)dy
0 0 0

with the obvious change in variable y = w — v. One more time using the con-
cavity of K (0, y) as a function of y and the equality anM K0, y)dy = 0, we get
J;’ K (v, w)dv > 0 which ends the proof.

4.2 A numerical example

To illustrate our proposition, we consider a risky asset taking two values 5 and 10
with equal probabilities. The market maker possesses an initial wealth equal to 100
and a; = 10. We select a logarithmic utility function and the reservation prices,
when considered separately, are :

Tt = 7.293
Ty = 71.707

The large bid-ask spread comes from the low initial wealth of the MM.

We then obtain :
an apm
/ / K@, w)dvdw = 1.54
0 0

In fact, the utility surplus is equal to 1.54/a3, = 0.0154.

Figure 4 represents the level curves of K. As mentioned before, the level is
lower on the north-west and south-east parts (black color).

The general equation defining the reservation prices is given by :

F(ma,7p) :/O‘XM/OGM (A(1=2)[K (v,0) + K (0, w)] + 1’K (v, w)) dvdw =0
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Figure 4: Level curves of K

Consequently, there is an infinite number of solutions. To obtain a good ap-
proximate solution, we first consider the prices estimated separately, that is 7 % and
m % verifying :

ap
/ K@®,00do = 0
0

am
KO, w)ydw = 0
0

We then define the following function :
K*(v, w) =EX[U(W()+1)(X—7T*B —8) —u)(X—?TZ-l—S))]

¢ 1s a measure of the improvement of the reservation prices when one takes into
account the result of proposition 7. Figure 5 illustrates the reduction of the spread,
measured as ”22_8”2 with respect to A, the probability of arrival of an order (either
buying or selling order).

It appears, on the data of our example, that the reduction of the spread is far
from negligible, even for low values of 4.
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Figure 5: Reduction of the spread (in %) versus 1
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However, the spread is initially large because of the unrealistic volatility as-
sumed on X. It must be kept in mind that X is the terminal value of the risky asset
but, in our framework, it can be interpreted as the closing price of the stock because
the horizon of microstructure models is, in general, very short.

4.3 The analytical solution in the mean-variance world

We consider here the same assumption as in section 4.1, that is the expected utility
of the MM only depends on the first two moments of the distribution of future
wealth. Keeping the notations of the preceding section, we define :

K@®,0) = v(uX—nB)—avzag(
KO,w) = w(myg—puy) —aw2a§(
K@,w) = v(uy—7mp)+w@si—py)—a®—w)oy
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where u y and 0% are the expectation and the variance of X. The reservation prices
are then a solution of :

%/OGM /OaM (1 =2 [K (v,0)+ K (0, w)] + 1K (v, w)) dvdw =0

The analytical formulation of K allows us to compute explicitly the spread
w4 — 7 p and to compare it to the one obtained when the two sides are valued
separately.

Proposition 8 The bid-ask spread s (1) is defined as :
, [4
S(l)=7TA—7L'B=a(ZMO'X g—ﬂ

The proof is reported in the appendix.
We can remark that when A tends to 0, the spread converges to the spread
obtained when the two prices are evaluated separately ; in fact, we know that :

* 2
Ty = ,ux+§a0cMaX
* 2 2

Moreover, when 4 = 1, the spread is equal to %aa Mag(; the randomness of
trading volumes generates an uncertainty on the net position of the MM, even if
his expected net position after the trade is equal to zero. Obviously, in a world of
fixed and equal quantities for the two sides, the spread would be zero to keep the
expected utility of the MM unchanged.

To summarize, the spread is an increasing function of risk aversion, of the
volatility of the terminal payment of the risky asset and of the maximum quantity
the MM is obliged to trade. All these results are quite intuitive. On the contrary, the
spread is decreasing in A and, one more time this is not surprising because 12 is the
probability that two simultaneous orders arrive to the MM. When this probability
is high, the MM can partially hedge his position even if he doesn’t control the
quantities to be traded on each side.

We can now easily compare the spread we have obtained with the one deduced
from Ho and Stoll model when the quantity to be traded is known. Indeed, for the
two spreads to be comparable, we have to consider a quantity Q = £, that is the
mean of our random volumes V4 and V5.
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Corollary 9 Let sys the Ho and Stoll spread for the quantity %% ; we then have :

4

s(0) = gSHS

1
st=) = =
3 HS

Proof :sy5 is obtained directly by the following equations (deduced from the
utility function (5)) :

2
ek (F) = o
o\ (237

. (m—ux)—aa%((T)z =0

We get immediately :
SHs = aag(aM

which is equal to %s (0). It also follows that s (%) =Sys.

In fact, introducing random volumes and the possibility of simultaneous trades
induce two opposite effects. Random volumes increase the spread by 33.%% and
simultaneous trades (with probability A%) decrease the spread by %/1% (with respect
to the spread with only random volumes).

5 Spread and inventory in the mean-variance model

Suppose now that the MM has first traded a quantity o > 0 at a price 7 3. The
question is to know if 7 z(a) is lower than the initial buying price.The two reserva-
tion prices in the framework of the preceding section are now formulated by means
of a three-variable function M(a, v, w) defined by :

M(a,v,w) = Ex[U(Wy+a (X —n5(0)) +v (X —7p(a) — w (X -7 4())]-UW)

The definition of the prices 7 4 (o) and 7 (o) are adapted to the new notation
in the following way.

Definition 10 7 3 (a) and 7 4 (a) are a solution of the following equation:

/aM /GM(A(I_A) [M(a, v O) + M(a’ O’ w)]+l2M(aa v, w)+(1 - j~)2}\4(a; 0; 0))dl)dw =0
0 0
)
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The most important remark concerns the term [, [ M (a, 0, 0)dvdw; it
was equal to zero in the initial situation & = 0; however, as it represents the ex-
pected utility surplus generated by the first trade, it is no more the case when a > 0,
depending on the value of a in the interval [0; a /] .

It is easy to prove that M (a, v, w) is concave in (v, w) whatever the inventory
a is but M(a, 0, 0) being in general different from 0, we cannot use the same
method as in proposition 7.

As there are many pairs (7 (), 7 4(a)) which verify equation 9, we perform
two analyses ; first, keeping the problem in its more general formulation, we de-
termine the bid-ask spread 7 4(a) — 7 g(a). Nothing more can be said about the
individual prices in this context. In a second step, we consider the prices 7% (a)
and 7 % (o) evaluated in section 3.2 and we solve the general model by defining ¢
such that the relation (??) is verified for 7% (a) — ¢ and 7% (a) + &.

Proposition 11 After a trade of volume a., the spread s(a) is given by :

2ac? 2 ) 2 )
s = 2t o a0 (5 -3) - o (5-3) |

The proof, containing tedious calculations, is given in the appendix.
An “interesting” property of s (o) is the fact that it can be negative. Suppose
that the first trade o let the MM with the highest utility surplus, that is & = 4~. We

get:
2a0§(aM 1 1 2 A
S(“)ZT[T(AT) (3"5)]

For 4 sufficiently close to 0, s (“TM) is negative; It can be easily explained by
a careful examination of the definition ??. When 1 is near 0, the most weighted
term is the one corresponding to no trade (1 — 2)2M(a, 0, 0) . However, this term
is in fact the surplus generated by the first trade, which is positive if ¢ = £
Consequently, to compensate this surplus, the other terms must be largely negative;
it can only be obtained by increasing (decreasing) sharply the bid (ask) price.

Of course, this result is not consistent, first on a practical point of view and,
second because of the assumption of independence of variable V4, Vg, 1,4 and 13.
It is clear that if the spread was negative in a world where simultaneous trades are
allowed, arbitrage opportunities would arise immediately. To be consistent with
our preceding assumptions, we have to consider a minimum spread equal to 0.

The second question is to know if 7 g(a) is lower than 7 g (0) . To manage this
task, we adjust the price 7 (o) with respect to 77 (o) evaluated in section 3.2 in

the form 7 (o) = w;(a) + €. Using the same technique for the ask price, we get :

s(a) =s™(a) —2e

21



Definition 12 Let M* (a, v, w) defined as :

M*(a,v) = a(uy—750)+v (uy —73(@) —ack © +a)’
N*(a,w) = a(uy—750) —w (uy —7%(@) —ack (@ — w)’

ny (o) and 7% (o) are the solutions of the following equations :

1 “M
— M*(a,v)dv = 0
oM Jo

1 “m

— N*(a,v)dv = 0
oM Jo

This definition leads to the following prices.

Proposition 13

2ac% [a? aao 2
tha) = py-— X[ M +o’ + M[—HH

apm T 2 3
2ac% [a3, , aoy |10
* — M _ —__
(o) Hx + ”~ [ 3 T > |:3 H
ac? 4.1 2
e = ﬁ[aaﬁ/[(lz—gl—l—g)+a2(2/1—1)+aﬁ1?]

Proof : see the appendix
Even if the formulation is quite involved, the qualitative result is intuitive ; the
bid price 7 % (o) is lower than 7 7 (0). Moreover, the difference between the two is

given by :
2a0% [ , aay [2
* ok — oM = ;{
m5(0) —mp(a) o |:a + > 13 +

It is increasing with a, then proving that the bid price is a decreasing function
of the inventory.

6 Concluding remarks

In this paper, we have analyzed the relationship between bid and ask prices and
inventory in a general framework, in the sense that the market maker faces several
sources of uncertainty concerning the direction and the volume of the next trade. It
was achieved in the context of linear pricing, that is in a market where unit prices
are posted by the market maker. Consequently, the approach is different from
the one developed by Eeckhoudt-Roger (1999) who deal with non-linear prices.
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However, some of the results have the same qualitative nature because, the last
section shows that the relationship between spread and inventory is not always
monotonic.

Our model also allows simultaneous orders on the two sides and random vol-
umes; it then generalizes the Ho and Stoll (1983) approach. This point is important
because a low-volume trade let the market-maker with a surplus. He then can rise
his bid price and decrease his ask price for the following transaction, inducing a
complex evolution of spreads with respect to inventory. It is so because we set the
“reference point” to the initial utility of the MM; an alternative approach would
be to consider a martingale process for the ex post expected utility; however, it is
well known that such a process crosses the bounds of any interval in a finite time,
almost surely. It means that, in doing so, the MM can experience “bad trajectories”
on which his expected utility deteriorates through successive transactions. The
comparison between the two behaviors will be analyzed in a subsequent work.

The other important direction for further research concerns competition be-
tween market-makers; our approach, applied to the Ho and Stoll framework, could
lead to interesting results related to the determination of equilibria when volumes
and the direction of the trade are random. Especially, the cases analyzed by Bi-
ais et al. (1998) could be considered as special cases of the general uncertainty
considered in this paper.

References

[1] Biais, B., 1993, "Price formation and equilibrium liquidity in fragmented and
centralized markets”, Journal of Finance, 48, 157-184.

[2] Biais, B., Foucault, T. and F.Salanié, 1998, ”Floors, dealer markets and limit
order markets”, Journal of Financial Markets, 1, 253-284.

[3] Eeckhoudt, L., Roger, P., 1999, “’Risk aversion and the bid-ask spread”, Euro-
pean Financial Management, 5, n°3, 323-340.

[4] Ho, T., Stoll, H.R., 1983, ”The dynamics of dealer markets under competition”,
Journal of Finance, 38, 1053-1074.

[5] Madavhan, A., 2000, "Market Microstructure : a survey”, Journal of Financial
Markets, 3, 205-258.

[6] Roger, P., 2000, "Properties of bid and ask reservation prices in the rank-
dependent expected utility model”, Journal of Mathematical Economics, 34,
269-285.

23



[7] Shen, P., Starr,M., 2002. ”Market-makers’ supply of financial market liquid-
ity”. forthcoming in Economics Letters.

Appendix

Proof of proposition 8 : The three terms of the integral will be evaluated
separately.

ayp _/1 apm
AU=— / (1=K (,0)dodw = —— / K (v,0)dv
a3, oM Jo
1—1 [oM ) o
A, = / (v(,uX—nB)—av O'X)dl) (10)
am Jo
1—/1 a? an’
= an [(ﬂx—ﬁB)—M—TM‘f%(}
2
= (=2 | (uy —mp) 2L - L2 (11)
2 3
aym
A, = — / (1 =24 K (0, w)dvdw (12)
O‘M
1—/1

/M(u)(nA—,uX)—au)2 2)afu)
oM Jo

2
(1—2) [m ) 5 - ““TMaif]

1
Av,w = —2/ / K(l) w)dvdw
7
A 2 2
= a_2 z)(,uX—nB)+w(7rA—,uX)—a(v—w) UX)dvdw
M
A a? ay —w) + w?
= _2/ (2M(ﬂX_7[B)+aMw(7[A_ﬂX)_a(M 3) ok
7
Aa lac® [ [ (o — w)® + w3
= TM(EA—EB)— azX/ ((M 3) dw
M 0
B /IaM( B _laag( —(ocM—u))4+u)4 .
- ) T 4 ”B) P 12
M 0
Ao lac%a’ Ao aocso
= TM(FA—EB)— gM 2M ((”A_”B)_ )_;M)
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We finally obtain the spread as the solution of the following equation :

2

Ty—T 2aa? lac3a

A0+Aw+Av,w = %GM_(I_X) 3MU§(_%
Ty4—TpR 2 l
= T(XM—aaﬁ,,oﬁ([(l—/l)g—i-g]

Simplifying by a,,, we get the desired result:

4
S(l)=7TA—7[B=a(ZMO'§(|:§—l:|

Proof of proposition 11

After a trade of volume a, the new reservation prices are determined by the
general formulation of the utility function given in equation 8 in which we add the
inventory a traded at a price « g (0) .Using the same type of notations as in the
preceding subsection, we define :

1 am  fam

4, = — / Al = H)M(a, v, 0)do
Ay Jo 0
1 (237 oM

4y = — / Al = )M (a, 0, w)dw
Ay Jo 0
1 oM oM

Apw = — / 22M (a, v, w) dvdw
Ay Jo 0

Aw = (1=2)M(a,0,0)

We can now evaluate the four components.
1) Evaluation of 4,

A =2) [ 1[4
Anzg/ [aw[__,l}+U(ﬂX—nB(a))—aa§((v+a)2}dv
a 0 2 3

Lets = aaMag( [% — /1] ; A, can be rewritten as :

- 2
as oy ac
A4, = /1(1—/1)_7+7(#X—ﬂ3(a))—ﬁ((aM+a)3—053):|
- 2
= A(1=2) O;—S—i-aTM(uX—nB(a))—MTX(a§4+3a2+3aMa)]
- 2 4 2
= 1(1-=2) MTMJX(5_/1)+a7M(,uX—7rB(a))—MTX(aﬁ,,+3a2+3aMa):|
] 2 1
= A(1—-2) aag([aazM (—g—i)—g( i,1+3a2):|+a7M(yX—7rB(a)):|



2) Evaluation of 4,,

All)

S / M (g = 7 a(@) — a0 — a)duw
0

a p 2

[as  « ao?

A(1=2) 7—TM(uX—nm))—TX(a@+3a2—3aaM)}
:(xaaM02 4 o ac?

Il=-)|——&(=-1 ——(,uX—nA(a))——X(aﬁ,[+3a2—3aaM)
| 2 3 2 3
- 4 )

A(l=2) aag( all] == —M—X(aﬁ,,+3a2—3aaM) —a—M(,uX—nA(a))
i 2 \3 3 2
[ 10 1

2(1=1)|ac? [“ZM (? —z) -3 (aﬁl+3a2)i| - “TM (,uX—ﬂ.'A(a))i|

3)Evaluation of 4, ,

A vw

1 oM oM
o Jo /0 /12[0(2_S+v(ﬂx—7l'8(06))—w(ﬂx—nA(a)))_aag((v+a_w)z]dvdw

5 (ay +a —w) = (a —w)’

30CM

2 oM
= [% + 5 = m5(@) = 0 (g = 7 a@) — ao

_ D 4 ] o
a %—'_aTM(EA(a)_”B(OC))—aa%([ ¢ +(aM+a1)20‘;M(a aw)t —a :|:|
o :%S + aTM (m 4(a) = wp(a)) —aoy [Mﬂ

[ 2
22 aagf [MTM (g - i) - [Mﬂ + aTM (7 4(a) — nB(a))i|

4) Evaluation of 4

d

Ao = (1= [Ex[UWy+a (X = p(0))] — U(Wy)]
= (1-2)> (O;—S — aaﬁ((f)

2 /4
— -2 (TM (5 _g) _)

= (1- i)za(i%{a [%aM (% — /1) - a]

We can now evaluate ® = A4, + 4, + Ay + Aoo :

L =2) [aa§( [WTM (—— _ z) - % (a2 + 3a2)] + “TM (Uy— 73 (a)):|



10 1
FA(1=2) |:a0§( [“ZM (? _ /1) — (o + 3a2):| - O‘TM (1y — nA(a))]

+(1— /1)2610%(0: [%aM (g — /1) — a}
22 [aai( [““M (f _ z) _ [MH + 2 ) - m(a))]

2 3

o = 2 )~ na)

+2(1 = 2)ac’, [““M (—% - /1) - % (a2, + 3a2)]

+4 (1 =) ack

A 2 4
o = M (7 (@) —mp(a)) + LI (Z_ )
2 2 3
2
-2 (1 = 2X)acs |:§ (0‘%\4 + 3a2):|
2 6 2
— (1 = A)?acia® — 1*ac’ [%]
A 2 4
_ % (z 4(a) — 7 5(a)) + @ (3 - ,1)

2
et [10 - [F e +3e)] w0 a4 [AEECT]

We then deduce the spread :

2a0} 2 2 aoy (4
O e L e e N R ]

Proof of proposition 13
The bid price is obtained following the usual way :
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1 oum 1 ap 2 4
— M*(o,v)dv = — adomox -—21 +v(,uX—7r*B(a))—a0§((v+a)2 dv
oy Jo am Jo 2 3
2 3 3
oaa o5 [ 4 o . (apy+a) —a
= Tx[g—i}LT(ﬂx—ﬂB(a))—MﬁT

We obtain directly the bid price by the following transformations :

uy —mpla) =

2ac% _(aM+a)3—a3_aaM [4 ]i|
3

- =
apm 3OCM 2

_2a0% [ (a3 +3aay +3a%)  aay [4 /1
- apm 3 2

2a0% [ o 4

am L 2 3
2a6% a3, ,  oaay[2

= —= =+
r o 2 |

The same calculations concerning the ask price lead to :

— N*(o,0)dv =
oy Jo 2

1 oM aaa o’k [4 /1} oy
3

From which we deduce the ask price :

2 (,UX - ”2(05)) =

aaaMU§( |:i —ﬂ:| —a02 ((XM—a)3 +a3
2

2 3
5 A a’

— —_g5i | — - _Z M 2

= aaX( aaM|:3 2]—1— 3 +a)

2ac? 5 A a?
ni(@) = uy+—= | —aoy |z — > [+ +d°
apm 3 2

The spread is then :

2ac2 4 202
7ia) — ) = 220X [aaM (z——)+ﬂ+za2]
M

3

We can now calculate ¢.

. 2a03 4\ 203 2a03 2 2 2
S ((Z)—S(O() = aMX |:(ZOLM (i—§)+TM+2a2:| —T;[az-i-la%/[(g—z) — 0y (g—z
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wl-lk

_ 2a0§(
= -

2 2 2
)+—M Za —%—(Zﬁl(g—z)-i-a
_ 2a0§(
oM

3
1 5 ta 5 A
6/ Mz
This leads to :

3 41 22
8=30—X[MM (/12——/1+g)+a2(2/1—1)+a§w?}

(5-))

b-’l-lk

a 3

The prices 7 4 and 7 3 are now given by :

2ac% [a? aa 2
wpa) = ﬂx——x[—M+a2+—M[—+A]]+

ay |3 2 13
ac’ 4 1 A
— A—=+—= 2-- 2=
o |:aaM( 3+6 )+a( l)+aM2i|
2a03 [03, , aay |2
= - - -+ 4
o [3 Tt [3+ H+
2
acy 4 1 ) 1 21
— A==+ = 2—= =
s [““M( 3+6/1)+“ ( 7)) Ty

2 2
_ _agy |20y 2 2 _ L TN P A S
= Uy o~ [ 3 + 2a —|—aaM[3+/1 aoy | A 3+6/1 a” |2 7 %7

2a0? 5 A a?
Tal0) =yt X[—aaM[———]+—M+a2

ac? [a? 1 A2
T = “X*TJ[T‘““M(ZW)‘“?"(E—?)
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